then|r/+r g |^|r/|.
When one considers a c.a.d.d. T in a general reflexive Banach space, 3 many properties lose their significance, but those mentioned above do not. Since they indicate a complete analysis of such transformations one is led to consider the possibility of generalizing the notion of a resolution of the identity and the association of two of these with a c.a.d.d. T.
At least five such generalizations are possible. However, the complete analysis given above cannot be carried through in general linear spaces at present because of various unsolved problems of these spaces. In the present talk, we show the dependence of this analysis upon these problems and classify the problems from this point of view. It is hoped that this will result in a more systematic development of the theory of linear spaces.
2. Projections. The difficulties appear in attempting to generalize the notion of a projection. Let us consider the usual notion of a pro-jection in Hubert space and endeavor to express its properties in terms which generalize to Banach spaces. This can be most readily done in terms of the range 9ft of E and the set 31, of f s such that Ef=0. The following properties are present: 1. For every ƒ in §, there is a g in 9ft, (# = £ƒ) and an/* in % such that f=g+h. 2. 9ft.$ft={0}. 3. 9ft and Çft are closed additive sets. 4 4. h in 31 and g in 9)?, imply \h+g\^\h\.
In Hubert space, given 9ft, these properties 5 determine a unique self-adjoint E, with domain § and bound 1. In suitably restricted spaces given a closed additive set, 9ft, 1 and 4 will determine 5ft. 6 Property 2 will hold but not 3 since 5ft in general will not be additive. 7 One may then abandon 4. If we are given 9ft, let us call an 5ft satisfying 1, 2, 3, a complement to 9ft. If 9ft has a complement, 5ft, the corresponding E is a bounded linear transformation 8 with E 2 = E. Such a transformation we will call a bounded projection on 9ft. Since 4 is lost, E is not unique for 9ft, but this is not the worst difficulty. It can be shown that there exist manifolds 9ft, which do not possess bounded projections. 9 One may, however, be willing to substitute for the boundedness of E just closure. If we substitute for 1, the Property 1': for a dense set oi fs,f=g+h, g£9ft, &£5ft (Ef=g), we will call an 5ft satisfying 1', 2, 3, a quasi-complement to 9ft. The corresponding E is closed and if we have a c.a.d.d. E with E 2 = E, and range 9ft, then 9ft has a quasicomplement. 10 The following problem arises:
PROBLEM I. In a linear space, does every 9ft possess a quasi-complement? 11 If 9ft does not have a complement it must be "infinite," that is, 4 Properties 2 and 3 insure the uniqueness and additivity of the resolution given inl. 6 The Condition 4 implies that 5DÎ . 10 The proof of these statements is similar to that of [10, Lemma 1.11] . 11 These problems are of greatest interest when 23 is reflexive.
Since the Banach space 33 and any closed additive subset 3JI in it are abelian groups, we may consider 53/5DÎ the quotient group of S3 by 2JÎ. This is the set of classes of elements of S3, mod 5DÎ, that is, two elements/i and/ 2 in 93 belong to the same class c, if/i-/sGSD?. 93/3DÎ is a normed linear space if addition and scalar multiplication of classes result from the corresponding operations 12 of 93 mod 3R and |c| =g.l.b.(|/|, /Ge). If 23 is reflexive, 93/9W is complete. 13 We say that 93 has been resolved abstractedly into 3R and 93/5DÎ.
In Hilbert space, each class c of §/93? contains a unique h of SD? X , with | h\ = | c| and this correspondence h<^>c is linear. In a reflexive 33, the existence for every 3JI of a complement with these properties would imply that 93 is a Hilbert space.
14 However, if additivity is dropped, we have for reflexive convex spaces an orthogonal 31 as we have mentioned above.
3. Bounded transformations. Let us now consider the association of projections with bounded transformations. If T is bounded and 9JJ and 31 are complements then T takes 2JÎ into an additive set T3R and 31 into T31. Uf=g + h, gG9K, hS% Tf=Tg + Th. Thus every element Tf of 3l T , the range of T, can be expressed as a sum of elements of rSftand T3l,f' = g'-\-h f . If T" 1 exists, we see that this resolution is unique, for g f =TET~1f f . Thus E has the corresponding operation TET~l in the range space. But even in Hilbert space, this transformation may be unbounded and may even have no closed extension. 15 Thus a bounded T may not preserve the relation of complementation or quasi-complementation, even when T~l exists. 12 The statement about the norm is the most interesting but is not particularly difficult. The closure of 9ft insures that if |c| =0, c contains 6 and is precisely Wl, the 0-class for addition, modulo 9ft. Obviously |ac| = |a| • |c| and the triangle inequality is obtained by a simple e-proof. 13 Cf. Appendix I, Lemma 6. 14 Since fc = (l-E)/and \h\ ^ |ƒ|, we see that 1-JE has bound 1. But (1-JB)* = 1 -£*, which would also have bound 1. We have supposed that S3 is reflexive and thus to every SW'ÖÖ, wecan find a 99?C$, such that 9ft x = $r. Hence every Sft'C^ has a projection of bound 1 on it. This implies that S3 is a Hilbert space and that J8 = » (cf. [4] or [13] ). 15 Cf. Appendix II.
However, for the special resolutions Ei(X) and E 2 (K) associated with T as in §1, in Hubert space, we do have that complementation is preserved. 16 Also in Hilbert space, if 5DÎ is such that T is an isomorphism on 5DÎ, then a bounded T preserves complementation for at least one complement. 17 Thus we are interested in the 5DÎ, for which T preserves complementation.
To obtain a precise statement of our problem, let us find the exact conditions under which the equation TEi = FT determines a transformation F. Now let g be given such that there is an ƒ for which Tf=g. Then TEif=Fg defines a transformation F, if Tfi=Tf2 im-
. Thus we will have an F determined by T and EUE projects the set of zeros of T, %IT, onto part of itself. If SÎ^D-Kr or SHE 1 'D ( iflT then this condition is certainly fulfilled. Now a bounded projection, Ei, will be said to be associated with a bounded T (abbreviated E x b.A.b. T) if SRjO^r or SROSRr and if the corresponding F has a bounded extension (which will be a bounded projection E 2 ). We suppose that 9îr is dense in 33a.
PROBLEM IIII. Given a bounded T,find the set of bounded projections associated with it.
One can associate a closed projection with a bounded T in an analogous manner (E\ c.A.b. 2") and one has a corresponding Problem III 2 .
4. Closed transformations. Let us consider the similar problems for c.a.d.d. transformations. A closed transformation is characterized by the fact that the "graph," the set of pairs {ƒ, Tf) in 33i093 2 , ƒ in $) r , is closed.
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Given a projection E\ the resolution in 33i, f=g+h, yields a resolution of the graph of a bounded T, {ƒ, Tf} = {g, Tg} + {h, Th}. The graph of a bounded transformation with domain 331 is isomorphic to 33i, and thus this latter resolution will be determined by a projection Ei >2 which is defined by the equation Ei, 2 {ƒ, Tf} -\E\f, TEif}. The situation is different in the case of a c.a.d.d. T. Since T)T is no longer 23i, it may not include SR^ whether E\ is bounded or closed.
Thus if E is a one-dimensional projection on an element not in 3) r> the resolution cannot be imported into the graph.
This difficulty appears even in Hilbert space. When one is forced to deal with it in defining reducibility, one appends the condition: "/£2Dr implies Ei/GSr." When this condition is applied to either a bounded or closed 19 E\ in 58i, one sees that E lt2 must be defined throughout the graph and hence is bounded.
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On the other hand, if one starts with a bounded projection Ei, 2 We then have Problems III 3 and III4 analogous to IIIi and III2, with T closed rather than bounded.
Abstract resolutions.
We have discussed the preservation by T of complementation and quasi-complementation. Let us now consider abstract resolutions.
If T is c.a.d.d. and SJt is a manifold such that S) r is dense in 3ft, and W is the closure of the set of Tfs with ƒ in SDÎ, then we can consider a transformation T from iSi/SDÎ to Î^/SD?', defined as follows. Let cG»i/2R and/Gc. Then Tf&c'ES&t/m'. Now if/i is also in c, JjfiGc', and thus c' depends only on c and we define T^ic = c'. Now 7\jft is readily seen to be additive and its domain is dense in Söi/SDt. In general, however, it is not closed, 22 although for T bounded, 19 For E\ closed the existence of E\f for ƒ in £)r is implied. 20 When Ei,2 is denned by the equation £1,2 {ƒ, Tf] = {£,ƒ, TEif} and £1 satisfies the given condition, then £i f2 is bounded. For let 9Ki,2 be the set of pairs {ƒ, Tf] for which ƒ is in Wli, the range of £1, and let $fti,2 be the set of {g, Tg\ with g E 9li. We prove that £1,2 is bounded by showing that £D2i,2 and Sfli,i are complementary (cf. Footnote 8). The Conditions 2 and 3 on SWi,2, S'il,2 follow from the corresponding conditions on fflli, -Jli and 1 follows from the given condition on £1.
21 This is true even in Hubert space. Let ^ be realized as the space 82 on the interval (0, 2x). The set of pairs, {exp(inx), -n exp(inx)}, n -0 f ±1, ±2, • • • and {exp(x)-exp(27r-x), i(exp(x)+exp(2x-x))}, are orthogonal. Let Ï denote the manifold determined by these pairs in $0$. It is readily seen that X is the graph of a transformation T, that is, if {o, g} is in X, then g -d. Now if £1,2 is the projection of X onto the manifold determined by the pair {exp(#) -exp(27r--x), i(exp(x) +exp(27r-x))} then the corresponding £1 has no closed extension. This is an immediate consequence of the fact that £1 is zero on the dense set determined by the exp(inx) for » = 0, ±1, ±2, • • • . 22 Cf. Appendix IV.
T m is bounded. On the other hand, 23 T%i and T on 9ÏÎ do not determine T.
But suppose T and 9DÎ are such that if ƒ is in & T and in cGS3i/9K, then c contains a minimal element h, which is also in ©^ and Th is minimal in Tg^c. We say then that T preserves minimality relative to 9Ji. For reflexive convex spaces, T<$n itself is then closed. 24 We will say that the abstract resolution of a manifold SD? is associated with a closed T if T preserves minimality relative to 9JÎ.
In Hubert space, the resolutions associated with T are precisely those which break T, that is, those which reduce 25 (T*T) 112 . Thus this criterion determines the manifolds more precisely than the previous ones.
PROBLEM IVI (IV 2 ). Given a bounded T (c.a.d.d. T),find the abstract resolutions associated with it.
In Hilbert space the answer to these problems is known. In general linear spaces the answer is not so interesting but we will consider other generalizations of the manifolds which reduce (T*T) 1/2 . Notice that if the abstract resolution with respect to SD? is associated with T 1 , the latter can be regarded as resolved into linear components of T on 9ft and Tg». This notion is particularly interesting for 9D? = ïïlr, whose abstract resolution is associated with T.
6. Bases. We now consider the general problem of reducing T to linear components, rather than to the special case in which there are only two components. One such resolution is given by any basis for the graph and thus we may consider the basis problem.
Banach defines a basis [l, p. 110] as a sequence of elements {ƒ»•} such that to each ƒ £33, there exists a unique sequence of numbers rji such that f=^2iLiVifi' This definition implies that rji = Fi(f) is an additive linear functional of ƒ [l, p. 111].
PROBLEM V. Does every separable Banach space have a basis?
The graph of a bounded transformation is isomorphic to the domain space and thus a basis in 93i determines a basis in !£, and hence a resolution into irreducible linear components. For a closed transformation one must consider the graph directly. 23 A two-dimensional example will make this clear. Let For a bounded T, given a subsequence of a basis {fi a } such that ^2viafia converges for every ƒ one would consider the corresponding projection Ef=J^Jr)i a fi a . However, it is not known whether every infinite subsequence of a basis series is convergent. When every such subsequence is convergent, we will call the basis an absolute basis. The existence question for these is also important and we shall call it V2. We also have this problem : One may point out that if one replaces the condition |JU*| ^1 by I \Xi I = 1, the new Condition 3' is equivalent 26 to 3. This type of resolution will be referred to as an absolutely bounded resolution of the identity. Other definitions of a resolution of the identity may be obtained by replacing the Condition 3 or 3' by any one of the following: 3". There exists a K such that for every X, the bound of EÇK) is less than or equal to K. 3'". The E(\) exist and are bounded except possibly on a denumerable, nowhere dense set of points. 3 IV . Each EÇK) is closed. The corresponding resolutions will be termed, respectively, bounded, essentially bounded, and closed. To make our existence problem definite we also introduce the definition.
If /G33, and ai, bi, • • • , a», b n are as in Condition 3 above, let 31/ denote the set of g's for which there are X a 's such that g =^2a^i^a(E(b a ) -E{a a ))f. If there is an/, such that 31/ is dense, then we say that the resolution of the identity has a simple spectrum.
PROBLEM VIII. Does every separable Banach space contain an absolutely bounded resolution of the identity with a simple spectrum?
For bounded, essentially bounded or closed resolutions, we have the corresponding Problems VII 2 , VII 3 , VII 4 . 20 A proof of the equivalence of 3 and 3' can be outlined as follows: If |ju| =1 (/x real), then |/+Mg| ^max(|/+g|, |/-g\). This can be used to show that for a given set of ju^s and an/, we can find a set of e t 's with | €»| =1, such that
This can be used to show that the least K of 3' is greater than or equal to the least K of 3.
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Now corresponding to a basis, we can find a bounded resolution of the identity. 27 A basis is absolute if and only if the corresponding resolution is absolutely bounded.
28 Thus we may generalize Problem VIi to the following problem : PROBLEM VI2. Is every bounded resolution of the identity absolutely bounded?
8. Resolutions and transformations. We need to consider only resolutions such that Ei(X) = 0, if X <0. A resolution E(\) will be said to be associated with a transformation T:
(3 then T is an isomorphism on the range of E(fi)-E(a). If EÇK) is essentially bounded and 0<a</3 and there is no singular point between a and /5, then T is an isomorphism on the range of £(/3)-E(a).
A special case is that in which T takes the range of E((5)-E(a) into itself. (Here certain of the above restrictions may be ignored.) Lorch has shown that if T is associated in this way with an absolutely bounded resolution, then one has an operational calculus for T [5] and the converse of this is quite simple.
On the other hand one can show that there exist bounded transformations which are not associated with any absolutely bounded or 27 Given a basis, Xi, x i • Thus if the corresponding resolution is absolutely bounded, the partial sums of the subsequences are also uniformly bounded and the basis is absolute. The proof of the converse is longer but not essentially more difficult. ln^T,iui(E(bi) -E(ai)) we consider the real and imaginary parts of the sum. In either part, we can replace the corresponding part of fit by either +1 or -1 and at most increase the bound. Thus it can be shown that the bound of the given sum does not exceed the sum of the bounds of four sums in the form ££(&;) -E(ai). The uniform bound of the latter is of course determined by the uniform bounds of the arbitrary partial sums if the given basis is absolute (cf. [6, pp. 564-566]). even bounded resolution of the identity. 29 However we may still ask this question : PROBLEM Villi. Does every bounded transformation possess an essentially bounded resolution!^ A similar Problem VIII 2 arises when we simply ask for a closed resolution. A closed transformation determines a bounded transformation from the graph to the domain space A {ƒ, Tf} =ƒ. It is readily seen that if A possesses a resolution, T will also. Thus we need not consider closed transformations.
9. Abstract resolutions and transformations. One may also attempt to define the notion of association, relative to the abstract resolutions on a family 9Jî(X) of manifolds. Here again we need only concern ourselves with bounded 7" s and a tentative definition is: 1. 9W (0) is VIT. 2. 9K(X)C9W(M) for X<M. 3'. 5DÎ(X) is associated with T as in Problem IV.
What is desired here is a generalization of the notion of the resolution of the absolute value of the transformation and a consideration of examples with finite-dimensional domain spaces shows that here this definition does not yield the desired result. Nevertheless in these cases the usual "choosing the maximum" construction does yield a family $D?(X) for 0<X<C, C being the bound of T with the Properties 1, 2 and 3. T has bound X on SDÎ(X), and 4. The family $ft(X) is maximal, that is, if /(£9K(X), there exists a X'^X, for which/ESftfV) implies that 2 or 3 is false.
For our general discussion, we introduce the following definitions : $D? will be said to be an over-X-manifold if /G5DÎ implies | Tf\ èX|/|. ^ftCSB will be said to be a coverover-X-manifold if | Tf | ^X| ƒ] implies that there is an F in ^fl with F(f)y^0. Similarly we define an under-Xmanifold and coverunder-X-manifold.
In Hubert space there are manifolds which are both over-X-manifolds and coverover-X-manifolds. Since in more general spaces, these are in different spaces, one can't expect this result to generalize readily. However it may happen that 9K(X), for X<0, may have a complement or quasi-complement which is an over-X'-manifold for X'> 0. We say then that the resolution 5DÎ(X) is conjugated and thus we have this problem : 29 Cf. Appendix VI. 30 If an e.b. resolution is associated with T, it is not in general unique. However if the answer to Problem VIIi is yes and one e.b. resolution exists for T, then there is also one with simple spectrum. In general, each Problem VIII can be referred to the projection situation for WIT and the answers to Problems V or VII.
PROBLEM IX. Do there exist transformations T which do not possess a conjugated manifold family?
One can establish without great difficulty, the existence of a family of manifolds 2)1 (X) with the Properties 31 1, 2, 3, 4. The definitions yield that if SD? is a maximal under-X-manifold, 9K
X is a minimal coverover-X-manifold.
10. Comment. The above discussion shows clearly the approach to the analysis of a specific transformation T. For instance, let us consider the problem of determining the projections E, which are associated with a given T as in Problem IIIi. Suppose T~l exists. This association is equivalent to the statement "TET~l is bounded." Suppose the bound is k. Let 9K be an under-X-manifold for T and an over-(7-manifold for E. Then E$Jl must be an under-^X/cr-manifold for T. For a bounded E a similar condition is sufficient. Thus the problem can be referred to the X-manifold.
PROBLEM X. Given T, find the various \-manifolds.
While this discussion does not present an exhaustive list of the problems one meets in this field, the others are apparent from the given considerations.
APPENDIX I
We establish certain results which are essential in the theory of abstract resolutions. We consider a vector space $8 and 9W a closed linear set in 33. Let 33/SD? be as in §2 and 93^ denote the conjugate space to S/2R. Suppose that the bound of T is 1. To obtain the manifolds 2ft(X), we proceed as follows: It is easy to prove that if Wfl is under-X, there is a maximal under-Xmanifold which contains it. Thus we may take 2ft(l/2) as a maximal under-1/2-manifold which contains Sftr, 9ft (3/4) as a maximal under-3/4-manifold which contains 2ft(l/2), 9ft(1/4) as a maximal under-1/4-manifold contained in 9ft(l/2) and containing SHIT, and so on. For other values of X between 0 and 1, 3ft(X) is the intersection of the manifolds defined for larger values of X. The resulting family can be shown to have the Properties 1, 2, 3, 4. [2] . A similar proof is given in [9] for 93 = L" which can be readily generalized.) Since 93 is reflexive, there exists an &oG93 such that 
LEMMA 3. The ho of Lemma 2 is in Co and minimal in Co, that is> ho is such that | /zo+g| ^ | h 0 \ for every g in Wl.
If /Geo and ^G9K X , we have a GG93^, such that A space is said to be strictly convex, if |/+g| < |ƒ| + \g\ when ƒ and g are not linearly dependent. LEMMA 
The minimal ho is unique, if 93 is strictly convex.
If I Co j =0, the minimal element is precisely 6. Suppose |co| 5*0 and that ho and h are distinct minimal elements. It is readily seen that ho and h are linearly independent and that also ^(ho+h) is in Co. Since strict convexity implies that | i(h 0 +h)\ <|| h 0 \ +|| h\ = |c 0 |, we have a contradiction and only one minimal element is possible.
J. Clarkson has shown that if 3} is uniformly convex (cf. [3, Definition 1, p. 396]) then each Co contains a minimal element ho. This result is unpublished and is less general than that given above (cf. [8] or [l2]). In this connection one should also mention the result of Clarkson [3, p. 413] , that any separable Banach space can be assigned an equivalent norm, which is strictly convex.
In the cases in which the minimal element is unique, conditions 1 and 4 of §2, determine precisely the set $i of minimal elements. While the above argument is given only for Hubert space, it can be readily extended to any space having a basis, 0 O , 0i, • • • for which there is a k such that ƒ=^£-00*0» implies | a t -| ^S&|/|.
APPENDIX III
Let T be a bounded transformation from §i to § 2 or in § and let 9JÎ be a closed linear manifold such that T is an isomorphism on SDÎ. We shall show that T preserves complementation for at least one complement to Wl.
Let WH= T be the canonical resolution of T where H is self-adjoint definite, Impartially isometric. If E is the orthogonal projection on 9DÎ, E = E(1 -£i(X 0 )). The trans-
T is an isomorphism on the range of 1-JEI(XO) and hence the complementation of 9ft and §O9D?i(X 0 )O2ft relative to §0$D?i(Xo) must be preserved as a complementation relation relative to the range of 1-E 2 (X 0 ). Thus TÊT" is bounded relative to the range of 1 -E 2 (X 0 ) which includes that of T(\ -Ei(X 0 ))r /; . since r(i-E 1 (Xo))r Since S^l-Ei(Xo) and J3Cl-£i(Xo), we .have EBx g = gJor g in 9t! = 2R=9ta = S)2ri. Thus EBl O and (Bl E)(Bx E)=B~lE. B~*E is bounded and has domain the full space since 9?ij = £)j3-i. Hence it is a projection. Since SRi = S) B -i, 9? B -ii = 5RB-I = £>B = 3K. ÏI^È^Ë = 2W X .
We are now in a position to obtain our result. For TB~lET" We suppose that each 33* is separable, regular (33* reflexive), and strictly convex. If T is closed and preserves minimality relative to 99?, then T m is closed.
For suppose {a} is a sequence of 33i/SD? such that c» and T^id are convergent toe and c', respectively. Let hi be the minimal element of c», h that of c, g that of c'.
There is a linear functional G defined on SBi/SDî such that G(c) = |G| -|c|. As in Appendix I, there corresponds an i 7 G9K
x with \F\ =\G\, F(h)=G(c) = \G\ -\c\ =\F\ -\h\. Also
F(Jn)=G{ci) ~^G(c) = F(h).
The \hi\ =|c t -| are bounded. Thus there is a subsequence of the hi which is weakly convergent to an h' with \h'| g lim \hi\ = lim |c»-| = |c| =\h\ or |A'|^|A|. Also \ F\ -\h , \^F{h f ) = F{h) = \F\ -|A|. It follows that \h\ =\h'\ and F(h , ) = F(h). It can be shown that this implies that h = h', if the space is strictly convex.
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Thus if {d} is convergent to c, then a subsequence of their minimal elements is weakly convergent to the minimal element of c. Thus we can choose a subsequence of the hi s which converges weakly to h and of these a further subsequence can be chosen so that the Thi approach g. Thus {h, g} is the weak limit of a subsequence of the {hi, Thi}. Since the graph is a closed linear set, it is weakly closed. Thus {h, g} is in the graph of T and Th = g. Hence T^c exists and equals c' and Ts$i is closed.
APPENDIX VI
We give here an example of a transformation, which is not associated with any absolutely bounded resolution in the sense of Lorch or with any bounded resolution in the sense of §8.
For if T = f_ c c/>ÇK)dEÇ\), in Lorch's notation for an absolutely bounded resolution, £(X), then the set %l T of zeros of T has a projection of bound K on it. This is also true if, in the sense of §8, T is associated with a bounded resolution. Thus it will be sufficient for our purposes if we construct a T such that 3l T does not possess a bounded projection.
Let us consider the construction given in [10, p. 152] of a manifold without a projection and in particular the terminology used there.
We regard l p as a sum X) ®h# n * Let F n be the projection of l p on the nth term in this sum, that is, on the l Pl^. Let E n be the projection of Z Pf 3» on 9Jî n . Let \ n be such that \ n (F n -E n F n ) has bound 1. It can 32 One shows that if h is such that F(h) =\F\ -\h\ and g is such that F(g) =0, then \h+g\ ^U|.For |F| • |fc+g| ^\F(h+g)\ =F(h) = \F\ • | h\. Thus h and h' are minimal relative to the set of g's for which F(g) = 0. Since Fiji' -h) = Fiji') -Fiji) = 0, they are in the same class relative to this set. For a strictly convex space this minimum in a class is unique. readily be shown that T=^2^L 0 \ n (F n -E n F n ) has bound 1 and that the zeros of T form the set $, which has no bounded projection on it.
